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Abstract 

We study the commutants of a Schrodinger operator whose poten- 
tial function possesses inverse square singularities along some hyperplanes 
passing through the origin. It is shown that the Weyl group symmetry 
of the potential function and the commutants naturally results from such 
singularities and the generic nature of the coupling constants. 

1 Introduction 

The Calogero-Moser-Sutherland models and their generalizations developed 
by Olshanetsky and Perelomov are completely integrable systems with long- 
range interactions. These systems are closely related to root systems and Weyl 
groups. Let (E, W) be a pair consisting of a root system and the corresponding 
Weyl group. In the quantum case, the Schrodinger operator is 

— A+ ^ m a {m a + a)u((a, x)), (1.1) 

aGS+ 

where A = Y^i=i d 2 /dx 2 , (u,v) is the standard inner product of u, v G R n , 
the quantities m a are W- invariant parameters, and u(t) = t~ 2 (rational case), 
lo 2 sinh -2 Lot, lo 2 sin~ 2 Lot (trigonometric cases) or p(t) (elliptic case). Obviously, 
this operator is W-invariant. In addition to this operator, there are well-known 
conserved operators for such a system that are H^-invariant. In the rational 
potential case, we can consider integrable systems invariant under the action of 
finite Coxeter groups. 

It is evident that the potential function of the above Schrodinger operator 
possesses inverse-square singularities along the reflection hyperplanes of W. The 
main object of this paper is to show that the Weyl group (or Coxeter group) 
symmetry of such a system results naturally from the inverse square singularities 
and the generic nature of the parameters m a . 

To make the following discussion more precise, we introduce some notation. 
For a non-zero vector a G R n , we denote by H a the hyperplane (a, x) = and 
by r a reflection with respect to H a . For a finite set TL of mutually non-parallel 
vectors in R n , let L be the Schorodinger operator defined by 

L = -A + R(x), R{x)= Y /J ^ + R(x), (1.2) 
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where R(x) is real analytic at x — and the constants C a are non-zero for a G TL. 
We call TL the hyperplane arrangement of L or the hyperplane arrangement of 

Assume that there exists a commutant P of L with constant principal sym- 
bol. Note that we do not assume the symmetry of either R(x) or P, nor do we 
assume TL to be a subset of a root system. The first result is stated as follows. 

Theorem 1.1 If C a ^ k{k + l)(a,a) for any integer k, then the principal 
symbol of P is r a -invariant. 

We prove this theorem in Sections El and El 

We call the potential function R(x) generic if C a ^ k{k + l){a,a) for any 
integer k and for any a G TL. In non-generic cases, many interesting phenom- 
ena have been observed. For example, if the parameters m a are integers, then 
there exist W^-non- invariant conserved operators for in addition to the 

VF-invariant ones [3JEI]- Also in non-generic cases, Veselov, Feigin and Cha- 
lykh found new completely integrable systems like but whose hyperplane 

arrangements are not root systems but deformed root systems 01 112j . 

Though non-generic cases like those mentioned above are very interesting, 
we restrict our attention to generic cases beginning in Section^ In Section 
we address the problem of determining the permissible kinds of hyperplanes ar- 
rangements. To avoid unnecessary complication, we assume the "irreducibility" 
of TL (Definition 14.1(1 . The main result in Section 01 is that if TL is irreducible, 
the potential function is generic, and L has a non-trivial commutant, then TL 
must be a subset of the positive root system of some finite reflection group 
(Theorem 14.411 . 

In Sections El El and we determine the potential function R(x) in the case 
that the root system containing TL is of the classical type. The type A case 
is treated in Section El and the types B and D are treated in Section We 
now give a brief summary of the arguments given in those sections. In the case 
that the root system £ containing TL is of type A, B or D, we assume that 
the Schrodinger operator 1|1.2|) commutes with a differential operator P, whose 
principal symbol is Y,i<j<k for tyP e ^ and Y,i<j for tyP cs B and D. 

Under this assumption, we can show that TL must coincide with E + and that 
the potential function R{x) must be Weyl group invariant. 

In [Jj, [Hj and |l()j . Ochiai, Oshima and Sekiguchi classified the potential 
functions R(x) satisfying the relation [—A + R(x),P] = 0, which do not nec- 
essarily possess poles along hyperplanes, in the Weyl group invariant context. 
They also proved that —A + R(x) is completely integrable for such R(x). In 
Sections 6 and 7, it is shown that our potential function R(x) and the commu- 
tant P are identical to those that they considered. Therefore, it is seen that 
R(x) is one of the functions classified in [H] (Theorem 16.21 Remark I7.8JI . and 
L is completely integrable. Hence, the complete integrability of L essentially 
follows from the generic nature of coupling constants and the existence of one 
non-trivial commutant P. 

Acknowledgements. The author would like to thank Professor H. Ochiai for 
helpful discussions on some points of this paper. He also thanks a referee for 
carefully considered and kind comments. This reserch was partially supported 
by Grant-in- Aid for Scientific Research (C)(2) No. 15540183, Japan Society for 
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2 Rank-one reduction 

To begin, we introduce some notation. Let {ex, . . . , e„} be the standard basis 
of R n and x — (xi, . . . ,x n ) be the corresponding coordinates. For simplicity, 
denote by di the partial differential d/dxi and define d = (dx, . . . , d n ). We 
denote the norm of a vector v £ R n by \v\. An mQ-th order diferential operator 
P is expressed as 

m 

p = E p *> p k= E a p( x ) dP i 

k=0 \p\=m — k 

where p — (pi, . . . ,p n ) £ N n is a multi-index, and \p\ is the length YliPi of p. 
Corresponding to this operator, we introduce 

m 

P k = J2 and P = E P * (£=(&>•••,&»)), 

|p|— mo— k k=0 

and call them the symbols of Pfc and P, respectively. In particular, Po is called 
the principal symbol of P. 

In this section, we reduce the proof of Theorem 11.11 to that for the rank- 
one rational case. For this purpose, we introduce a new coordinate system 
on R n . First, choose a E H. Then, let e{ — |a| _1 a! and let {e' 2 , ■ . ■ , e' n } 
be an orthonormal basis of H a . The corresponding coordinates are denoted 
y — (yi, . . . , y n ). It is easy to see that (a, x) — \a\yi and A = Y^h=i @y 2 - ^ n 
terms of these new coordinates, L and P are expressed as 

L = -±dl + ^^ + S(y), 
i=i y i 

m 

k=0 \v\— mo — k 

where d y — (d yi , . . . , 9j/„), and S(y) is a real analytic function on D = {\y\ < e}\ 
for some e > 0. Next, let rj = (rji, ... , 7y„) be the symbol corresponding 

to d y = (d yi , . . . , d Vn ). Thus, we denote the symbol of given in (|2.1|l by 

h(y,v)= E Ms/)^- 

|p|=m — k 

By the Leibniz rule, we have 

mo — k 

(P k oy- 2 )~= (-l) l (l + i)y^ 2 d l m P k . 

1=0 

Therefore, we obtain 

mo — 1 mo — k 

[p^r= E E (-tfc +i)yi l - 2 9 l vi h 

k=Q 1=1 
mo k 

k=l 1=1 
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On the other hand, because 

m 



[A, P]~ = 2^2iV, d y )Pk + £ AP fe ({rj, d y ) = £ m 8 m ), 



k=0 



we have 



k=0 



[L,P}=0 

m 



&2j2(v,d y )Pk + J2 AP k 

fe=0 fc=0 
mo k 



+ l){a,a)- x C a y^- 2 £^h-l + [P, = 



k=l 1=1 



^2(r),d v )P k+1 +AP k 



(2.2) 



+ J2(-V l (l + l)(a,a)- 1 C a y^ l - 2 d l ni P k - l 
i=i 

+ (the (m - fc)-th order terms of [P, 5"(y)])~ = 
for k = 0, . . . , toq. Here, we have set P_i = P mo +i = 0. 

Lemma 2.1 As a function of y\, the order of the pole of P k at yi = is at 
most k. 

Proof. Denote by 0(F{y,rjj) the order of the pole of a function F{y,rf) at 
yi = 0. We prove this lemma by induction on k. 

By assumption, Pq is constant in y. Therefore, O(Pq) = 0. Now assume 
that O(P) < I for Z = 0, 1, . . . ,k. Then, 0(AP fe ) and 0(y^ l ~ 2 d l m P k -i) are no 
greater than fc + 2. The (m — fc)-th order terms of [P, 5(y)] come from [p, S*(y)] 
(i = 0, 1, . . . , k — 1). Because S(y) is real analytic at y\ — 0, 0([Pi,S(y)]) is no 
greater than k — 1, by the hypothesis of induction. Hence 0({r],d y )P k+ i) is no 
greater than fc + 2 by Ij2.2|) . and thus the lemma holds for k + 1. □ 

Next, let y' = (2/2, ■■-,?/«) and 77' = (772, • • • , ??«), and let 

Qk(y',Vi,v') = lim n 2/iPfc and Q'k(yi,y' ,Vl,v') = h ~ Vl k Qk- 

Then, after substituting P^ = y^ k Q k + Q' fc into l|2.2|) . and taking the limit 
lim 1 , 1 ^o(yj c+2 x (j23), we have 

fc 

-2(* + l)mQk+i + k{k + l)Q k + + l)(a, a^C^Qk-i = (2.3) 

i=i 

for k = 0, 1, . . . , Too- This condition can be easily rephrased as follows. 

Lemma 2.2 The polynomials Q k (k = 0, 1, . . . , mo + 1 ) satisfy (|2.3(l if and only 
if they satisfy 



dt 2 



t 2 



k=0 



0. 



(2.4) 
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With this lemma, the proof of Theorem ll.il is reduced to that for the rank-one 
rational case. 

3 The rank-one rational case 

In this section, we solve (|2.4|) following Burchnall and Chaundy pQ. 
Let L\ be a one variable Schrodinger operator: 



Proposition 3.1 (U) Assume that a differential operator A m of order 2m + 1 
with a constant principal symbol commutes with L\. Then A rn can be expressed 
as 

A m = Y,(pkj--^p' k )L?- k modC^], 



where {pj',j = 0, . . . , m+ 1} is a solution of the system of functional equations 



~ 2 P 'j' + 2up 'i ~ 2p 'i+ 1 + u ' Pj = ( J = °' X ' • ' ' ' TO )' 
Po = 0, 

, Prn+l = 0. 



Lemma 3.2 If the above operator A m commutes with 

d? {a,a)- 1 C a 
Ll -~dt^ + P ' 

then there exists k £ {0,1, ... , m} such that 

C a = k(k + l)(a, a). 
Proof. First, we prove that the solution of 13.1( 1 can be expressed as 



(3.1) 



Pi 



c ijt ' 



(3.2) 



with suitable constants Cj.i, by induction on j. 

Because ((3.1(1 is linear in {pj} and p' — 0, we may set co,o = L Suppose 
that po, . . . ,pj are expressed as ((3.2|) . Then 1(3.10 implies 



P'i+i 



-\ £ Ciii (-2i)(-2i - l)(-2i - 2)r 2< - 3 

8=0 

i i 
+ (a,a)- 1 C Q i- 2 ^c J , l (-2i)^ 2 ^ 1 - {a, a}' 1 ^- 3 ^ c^i" 

i=0 

3 

£(2t + !){*(* + 1) - (a, ^-^a}^*- 2 *- 3 . 
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i=0 
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Therefore, if we set 



2i + l 
2i + 2 



{(a, a) 1 C a -i(i+l)}cj ti , 



(3.3) 



with Cj-+i,o arbitrary for j > 0, then Pj+i is also expressed as <|3.2ll . 
Now, by H3.3|) . we have 



^m+l,m+l — 



2m + 1 
2m + 2 



{{a, a) C a — m(m + l)}c, 



11 2fc + 2 




{(a,a) -1 C Q - fe(fc+ 1)}. 



If {j>j} is a solution of (|3.1|l . c m+ i. m+ i must be zero. Thus C a = k(k + l)(a, a) 



Now, we return to the proof of Theorem ll.il 

Note that Pq = Qo because Po is constant in y. Then, because Ca ^ 
k(k + l)(a, a) for any k £ Z, Lemma l3~2l and Lemma l2~2l imply that Po = Qo is 
even in 771 : that is, it can be expressed as Po = Y^k—o^ Po,k{v')- Moreover, 
P),fc(V) is also r Q -invariant, because 772, . . . ,r) n are the symbols of directional 
differentials along H a . Therefore, Po is r Q -invariant. □ 

4 Hyperplane arrangement in the generic case 

In this section, we address the problem of determining the permissible kinds 
of hyperplane arrangements when the potential function is generic, i.e. in the 
case that C a 5^ k(k + X){a, a) for any integer k and any a £ TL. In order 
to exclude trivial cases, we assume that the principal symbol of P is not a 
polynomial in X)"=i £i • Moreover, in order to avoid the possibility of reduction 
to a lower-dimensional case, we assume the "irreducibility" of the hyperplane 
arrangement 7i, as defined below. 

Definition 4.1 A finite subset 7i of mutually non-parallel vectors in R n is 
irreducible if it satisfies the following conditions: 

(11) Tt spans R n as an R- vector space. 

(12) Tt cannot be partitioned into the union of two proper subsets such that 
each vector in one subset is orthogonal to each vector in the other. 

Let W be the reflection group generated by {r a ;a £ TL} and W be the 
closure of W in 0(n). 

Proposition 4.2 IfW is an infinite group, then W is isomorphic to 0{n). 

Proof. By a general theory of topological groups, W is a closed subgroup of 
0(n), or in other words, a compact Lie subgroup. 



Because #W = 00, W contains a subgroup T isomorphic to SO(2). Let 
V T = {v £ R n ;tv = v, Vt £ T}. If TL C V T ', then T acts trivially on R n , by 



for some k £ {0, 1, . . . , m}. 



□ 
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(II). This contradicts the relation T ~ 50(2) C 0(n). Therefore, there exists 
a G H such that ta ^ a for any t G T sufficiently close to e. We can choose 
t G T such that the closure of {r ai tr a t~ x = r ta ) is isomorphic to 0(2). Let 
ai = a, a 2 = ta, V2 = + i?a2, U2 = V-t an( l ^2 = (ra 1 ,r a2 )- Then, 
obviously, R n = V2 © U2, and G2 is a closed subgroup of W. Because G2 acts 

trivially on U2, we have G2 — ^ | * 0(n). 

\ G ln-l) 

Now, let us define a /c-dimensional subspacc V4, the orthogonal complement 
U k of Vfc, and a compact subgroup Gfc of W inductively as follows. For k < n, 
not all vectors in H are contained in V k , by (II). Therefore, H k ■= H\ (HC\V k ) 
is not empty. Since TL k <jL U k , by (12), we can choose a vector a k+ \ G Ji k 
satisfying a k +\ & U k . Then, let V k+ i = Ra k+1 +V kl U k+ i = a k+l C\U k = V k \^ 
and G k be the closure of the group generated by G k and r ak+1 . Clearly, V k+ i 
is a Gfe+i -invariant subspace, and G^+i acts trivially on U k +\. 

Next, choose an orthonormal basis {/1, . . . , /„} of R n such that {/1, . . . , /fe} 
is a basis of 14 . By induction on k, we now show that the realization of G k with 

respect to this basis is \^ 



\ O I n - k/ 
The case k = 2 has been demonstrated. 

fa' 

Now, assume G k to be realized as above. Then, denote by a — \ a k+ \ 

V 

(a' G R k ) the coordinates of a^+i with respect to {fi}. Note that a' ^ and 
7^ 0, because a^+i Vfc+i (~l C/fe and a k+ i £ V k . By the assumption of 

»(*) o\ J ^ v _(x> o 



induction, the Lie algebra of G k is realized as ^ ^ ^ j . Let X — y q q 

(X' G o(kj) be an element of Lie(Gfc). Because the representation matrix of 
r Qfe+1 is J — 2\a\~ 2 a t a, we have 

Ad(r ak+1 )X = (J - 2\a\- 2 a t a)X(I - 2\a\- 2 a t a) 

fX' -2\a\- 2 {a n a'X' + X'a n a') -2\a\- 2 a k+1 X n a' O n 
-2|a|- 2 a fe+1 t a'X' O 

O O 0, 

Here, we have used t a'X'a' — 0, as t a'X'a' is a 1 x 1-alternative matrix. Since 
a' ^ and a^+i 7^ 0, there exists an X' G o(k) such that 



O -2\a\- 2 a k+1 X n a 
2\a\- 2 a k+1 t a'X' 



^O. 



As a Lie algebra, o(k + 1) is generated by this matrix and o(k). Therefore, 

Tin \- v a (o(k + l) 0\ (0{k + l) O \ 

Lie(Gfe + i) is realized as I n n j, and G k+ i as I ^ ^ J, 

because G k+ i acts trivially on U k +i- 

Finally, 0(n)=G„cf implies W = Q{n). □ 



Corollary 4.3 // H is irreducible and W is an infinite group, then any W- 
invariant polynomial in C[R n ] is a polynomial in Ym=\ £i '■ 
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Theorem 4.4 Suppose that the principal symbol of P is constant in x and is not 
a polynomial in X)"=i £f ■ Then, if R(x) in (|1.2f> is generic and 7i is irreducible, 
either W is a finite reflection group or [L, P] =/= 0. 

Proof. Assume that L and P are commutative. Then, by Theorem ll.il the 
principal symbol Pq of P is a W^-invariant polynomial. If W is infinite, Po must 
be a polynomial in X)"=i£j 2 > by Corollary 14.31 However, this contradicts the 
assumption. Therefore W is a finite reflection group. □ 

By this theorem, in generic cases, we need consider only the case in which 
W is a subset of the root system of a finite reflection group. 

5 Determination of the potential — general situation 

Assume that TL is irreducible and that R(x) is generic. Then, as stated above, 
we need consider only the case in which W = {r a ; a G Ti.) is a finite reflection 
group; that is, we may regard TL as a subset of the positive root system E + 
of W . In subsequent sections, we determine the potential function R{x) in the 
cases that the root system E is of type A, B and D under some conditions. In 
this section, we explain the general situation. 

Let P be a commutant of L with a constant principal symbol. Because 
R{x) is generic, the principal symbol of P is PF- invariant, by Theorem ll.il We 
assume the following conditions: 

(1) P is real analytic in the domain where L is defined. 

(2) The order of P is the smallest degree of W larger than 2. 

In general, for a differential operator D = ^ a p (x)d p , we define l D as 



and call it the adjoint operator of P. Because L is self-adjoint (i.e. t L — L), if 
P commutes with L, so does t P. Therefore, we may assume that P is (skew-) 
self-adjoint, i.e. *P = (-l) ordP P. 

6 Determination of the potential — type A n _i 

The arguments hereafter are quite similar to those in |ll)j . There, the Weyl 
group invariance of L and P is assumed, but here this assumption is not made. 
This is the most important difference between the situations considered here 
and in that work. 

The root system of type A n ^\ is realized in the hyperplane 




and we choose a positive system as 



E+ 



{ei — < i < j < n}. 



8 



By virtue of this realization, the Schrodinger operator (|1.2|l is extended to the 
operator 

L=-A + R(x), R(x) = i °! j 

l<i<j<n [Xl Xj) 

defined on some open subset of R n , where R{x) is a real analytic at x = and 
L commutes with 

n 
i=l 

Note that some of the constants CV,- may be zero, because H might not coincide 
with T, + . 

As a commutant P of L, we can choose 

n 

P= J2 didjdk + J^^i + ao, (6.2) 

l<i<j<k<n i=l 

which commutes with Ai. 

As seen from Remark 2.4 of ^U], the equations [L,P] = 0, [£, AJ = and 
[Ai, P] = imply that R(x) can be expressed as 

R{x) = Uij(xi-Xj) (6.3) 

l<i<j<n 

with suitable functions i%(i) = Cijt~ 2 + where Jij(t) is real analytic at 

t = 0. For convenience, let Uij(t) — Uji(-t) for j < i. 

Lemma 6.1 We can choose a\ as 

a\ = - ^2 u jk (xj - x k ), (6.4) 

j<k 

because we are free to choose Uij appropriately. 
Proof. The second-order terms of [L, P] — imply 



df : d ia \ = 0, (6.5) 

Ms : dja{ + d ia { = ~ ^ d k R = |(fi^ + (6.6) 

Also, by H6.6J) . we have 

^flitai + 9i9 fe aj = ~d k (di + dj)R, (6.7) 

W 1+ ^f=^ i+ ^ (6-8) 

difya'l + d k d 3 a\ = ia, (0 fc + ft)i?. (6.9) 
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Taken together, l|577|) . and (EHJl imply 

9j9fcffli = IjdjdkR = —u'jkixj - x k ). 

Moreover, because the relation [Ai,P] = implies A±a\ = 0, we have the 
following: 

d]a\ = dj(dj - Ai)aj = - ^ djd k a\ = - "j'*^ ~ Xk ^ 
Therefore, we may put 

Equation H6.6(l implies = —pj,i, and Aia| = implies J2j=iiPi,j = 0- Next, 
let g = (J]r=i ( li)l n -, Qi = It - Q and 

Uij(t) = Uij(t) + 2p hj t + 0ij 
for 1 < i < j ' < n, where the quantities [3ij are given by 

fti = /?u = -2© (t = 2, ... ,71 - 2, if n > 3), 
f3 n -i,i = /?l,n-i = — 2(gi + <7„-i), 

= 0i,n = -2(gi + <?«), 
/3 n , n -i = /3n-i,n = 2<?i, and 
/Jy = (otherwise). 

Then, because Yh=i Qi = °j we nave Li<j ftj = ~ 2 Yn=2 ?* ~ 2 (gi + g n _x) - 
2(gi + q n ) + 2qi = and J2 j<k Pij = 2ft- Therefore, 

l<i<j<n l<i<j<n 

^ ^ ^ij Xj ) 

l<i<j<n 

and 

al = - ^{ujkixj - x k ) - 2pj,k( x j ~ x k) - Pjk) +y^,Pi,jXj + Qi + q 

= ^^Ujkixj -x k ) + °q. 

j<k 

Hence, by subtracting gAi from P, we obtain (|6.4|l . □ 
The condition f P = —P is equivalent to 

1 - 

a = - ^2 d i a i = °- 

i=l 
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Therefore, the zeroth-order term of the relation [L,P] =0 implies 

did j dkR + Y2a\d i R = 0. 

i<j<k i 

Applying Qfi.3jl and Hfi.4[> to this equation, we have 



y ( u pj( x p -Xj)- u pi (x p - Xi)) u tj {xi - xj) = 0. (6.10) 

i<3 \.<- '•./ / 

Then, because Uij(t) — Cijt~ 2 is real analytic at t = 0, lim x .^ Xj ((a;, — Xj) 3 x 
l|CT?)l l gives 

X] ( u pi( x P ~ x i) - u P3 (x p - Xi)) = 0. (6-11) 

Moreover, lirn^^ ((a;* - Xi) 2 x (|6.11|) 1 gives 

C ij {C kl -C kj ) = (6.12) 

for /c 7^ Because 7i is not empty, there exist i\ and ^2 («i 7^ 12) such that 
Ciii 2 7^ 0- Then, employing an appropriate coordinate transformation, we can 
put ii = 1 and 22 = 2. Therefore, by (|6.12(l . we have Cu = C^i for i > 3. 
The condition (12) and the relation C12 7^ imply that there exists 13 such 
that Cu 3 — C'2i 3 7^ 0. Again, our ability to apply coordinate transformations 
allows us to choose £3 = 3. Then, from l|6.12|l . we find C12 = C23 = C13 and 
Cu = C^i — Cu for i > 4. In the same way, we can show inductively that 
depends on neither i nor j. In particular, none of them are zero. 
The fact that Cy 7^ and equation Ifi.lljl together imply 

u' ki (t)=u' kj (t). (6.13) 

Then, because Uij(i) = Mji(— i), (|6.13() implies ^ fe (f) = u'j k (t), and we have 

««(*) = ««(*) = «jjk(0 - - -««(-*)■ 

Therefore Uij(t) is an even function and, by (|6.13(l . there exist constants c^- 
(1 < i < j < n) and an even function u(t) such that 

Uij(t) = u(t) + Cij. 

Because u(t) is fixed only up to an arbitrary constant, we can choose the Cy 
so that J2kj c v = 0- From l|6.11jl. we obtain J2 P7 a,j c pi = J2 P ^i, 3 c pj & 
J2 P ^i c pi = ^2pjLj c pj- This means that c = J2 P ^i c pi does not depend on i. 
Then, because zZi<j c ij = 0j we have 

R ( x ) = X] Uij{Xi - Xj) = X (u(xi - Xj) + Cij) = X u(xi - Xj) 

and 



a i = \ u jk (xj -x k ) = - ^M&j - as*) + c ife ) = I X ~ a; *) 



c 

j<k j<k j<k 
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Then, the freedom we have to add (c/2)Ai to P allows us to realize the condition 
Cij = for all i ^ j. In this case, (|6.10|l becomes 

In |1U|. Oshima and Sekiguchi solved this functional equation. They obtained 
the solution 

u(t) = c x p{t\2ui, 2w 2 ) + c 2 , 

where c\ and C2 are arbitrary constants and p(t|2wi, 2^2) is the Weierstrass 
elliptic function with primitive periods 2lo\ and 2aj2- 

Combining the above results, we have proved the following theorem. 

Theorem 6.2 If L in (|6.1J) commutes with P in Ij6.2|) . then there exist con- 
stants c\ and c 2 such that 

R(x) = ci ^2 p(x t - x 3 \2uji,2uj2) + c 2 . 

l<i<j<n 

7 Determination of the potential — types B n and D n 

Assume W to be of type B n (n > 2) or D n (n > 4). The root systems of 
type B n and D n are realized in R n . We choose 

E + = {ei ± ej\ 1 < i < j < n} U {e;; 1 < i < n] for B n -type and 
S + = {ei ±e 3 \ \ <i < j <n} for D„-type 

as their positive systems. In these cases, the Schrodinger operator 11.2fl is 

L = -A + R(x), 

... i^+raj+g^ <»> 

where R(x) is real analytic at x = 0, and C; = for i = 1, . . . ,n in the -D„ case. 
As the commutant P satisfying the two conditions in |S1 we can choose 

n n 

P= XJ 9-9j+£<4^ + ^ 4^ + 5>ia i + ao. (7.2) 

l<i<j<n i=l l<-i<j<n i—1 

For convenience, we set = a{\ for j < i. 

Remark 7.1 In the D4 case, other choices of P are possible, since 
P = c\ ^ dfd^ + c^d^dsdi + (lower-order terms) 

l<i<j<4 

satisfies the two conditions in fj5] for any c\ and C2. If c\ = 1 and C2 = ±6, the 
fourth order term of P changes to 

4 vf 2 ^ yf yf 

i=l l<i<j<4 
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through the orthogonal coordinate transformation defined by 







(yi\ 




r 1 


±i 


±i 










V2 


1 


±i 


i 


-i 


-i 


^2 




1 — > 


2/3 


:_ 2 


±i 


-i 


i 


-i 




w 




w 






-i 


-i 




VW 



Therefore, the situation regarding the commutator of this operator and L is 
equivalent to that for the operator in Ij7.2|l and L. In the case ci ^ ±6ci, it can 
be shown that R(x) can be expressed as 

4 

(u(xj - Xj) + u(xi + Xj)) + } j v(x i ), (7.3) 

l<i<j<4 i=l 

with and u(t) appropriately chosen even functions. This is identical to the 
assertion of Theorem 17. 71 below. 

Now, let us return to the situation described prior to Remark 17.11 The 
third-order terms of the relation [L, P] = imply 

df : 9,4 = 0, (7.4) 
djd 3 : d ja \ + d t a\{ = -djR, (7.5) 
didjdk-. d k a$ L + a i a$ + d j a$ = 0. (7.6) 



Lemma 7.2 / T771 Lemma 2.5]) 

(1) Let n > 3. J/ t/ie functions Ui(x) (1 < i < n) and Uij(x) = Uji(x) 
(1 < £ < j < n) of x — (x\ , . . . , x n ) satisfy 

djUi + diUij = and d k Uij + d l u ]k + d 3 u ik = 0, (7.7) 

then 

djd k Ui = and djd k diUi = 0. 

(2) Moreover, if they also satisfy 

d lUl = (7.8) 

for 1 < i < n, then 

o£ u i:j = 0, and d a u t = d a Ulj =0 if\a\>3. (7.9) 

(3) If n — 2, the first relation in <|7.7|) and the relation (|7.8|) imply ()7.9|l . 

First, assume that n > 3, and let u, = + i? and itjj = a^. Then, 
the relations l|7.5|l and 1)7. 6|) imply that Ui and «y satisfy the conditions in 
Lemma Q(l). Therefore, d]d k {a\ + R) = and djd k di{a l 2 + R) = 0, which 
imply didjd k R = didjd k diR = 0. Therefore, d{djd k R is a constant, and didjR 
can be expressed as 

didjR = ^ c ijkXk + 4>ij(xi,Xj), 
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for an appropriate choice of the constants Cijk and the function <j)ij(xi,Xj). 
Note that this expression is also valid for the R>2 case, in which the first term 
of it is ignored. Now, from the relations (|7.4|l and l|7.5l) . we have didj(df — 
d])R = d t dj{df{R + a{) - d](R + a\)} = ,(<),<) ,u\\ - i),0,n\' : ) = 0. Hence 
(df — dj)(f)ij = 0. It follows that <fiij(xi,Xj) = ufj (xi + Xj)~u~j (xi — xj), with 
suitable functions uf^(t) = u^(±t). 
Now, let 

R = R- ^ ( u tj( x i + x i) + u ij( x i _ x i)) - X] CijkXiXjXk- 

l<i<j<n l<i<j<k<n 

This function satisfies the relation didjR — for any i < j. This implies that 
R(x) is a sum of one variable functions in Xi (1 < i < n). Thus, we have proved 
the following lemma. 

Lemma 7.3 There exist constants c^k and one variable functions and V{ 
such that 

n 

R{x)= ( U ij( X i + X j) + U 7j( X i- X j)) + ^2 V i( x i) 

l<i<j<n i—1 

~\~ ^ ^ CijkXiXjXk- 
l<i<j<k<n 

If n = 2, the last term is ignored. 

Note that we may assume ufj{t) — C^jt~ 2 and Vi(t) — Cit~ 2 to be real analytic 
at t = 0, as R(x) is given by (|7.1|l . 

Let a\ and 5^ be functions defined as 



a 9 = a, 



^ ^ CjklXjXkXij 



i< k jj=i 



3<k<l 



~ 2 ( ,T i + X "j) c ijkXk + - X Cijkx\. 

k^i,j k^i,j 

We can easily show that a 2 and satisfy the conditions in Lemma 17.21 (2). 
Now, note that the condition t P — P is equivalent to 



= -~^2{ U t/( X i + X i) + U ij'( X i ~ X l) " d fill) ~ C l3 kX 3 Xk- (7.10) 



2 

i^i i< k 

Next, the coefficient of di in the relation [L, P] = implies 

-2(9,00 = 2 Y didjR + ZaldtR + ^ a^R + Aa\. 
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Using this, we find that the compatibility condition dj(dia<j) — di(djao) is equiv- 
alent to 

:»; <)jn\\ i), I! - di^diR) + 2(a 2 - 4)didjR + 4 J X (9? - 8%)R (7.11) 
+ E ( 5 J°n ~ %4iW + E i^djdkR - a?£did k R) = 0. 

Here, we have used ()7.5|) and the relations didj(df — d?)R — and A{did\ — 
dja\) = 0. The last of these is a consequence of 1(7. 10|) . From l|7.1|l . it is seen 
that only the term 2{a\ — a J 2 )didjR can have poles of order four at Xi ± Xj = 0. 
Therefore, taking \im Xj ^ TXi ((xi ± Xj) x (|7. 11(1 ^1. we obtain 

C io \ E ( u ik( x i + x k) + u~ k (xi - x k ) - u+ k (xt + x k ) - uj k (xi - x k )) (7.12) 

+ Vi(xi) - Vj(xi) + Xi ^{cm - c jM )x k xi + (a l 2 - a J 2 )\ Xj=Xi > = 0, 
k<i j 

and 

C ij\ E ( U tk( X i + X fc) + U ik( X i - X k) - Ulj k {-Xi + X k ) - Uj k (- Xl - Xk)) 

(7.13) 

+ Vi(xi) - Vj(-Xi) + Xi ^{c^i + c jk i)x k xi + (a\ - a 3 2 )\ XJ= - Xi > = 0. 

k<l J 



Moreover, because only the terms a^d^R and a^djdkR can have poles of order 
four at Xj ± x k = 0, taking \\m Xk ^ TXj ({xj ± .x^.) 4 x (|7. 1 If) ^ . we obtain 




Finally, because only the term a^dfR can have a pole of order four at x, = 0, 
taking Yan Xi ^,a{xf x I|7.11|I % 1. we obtain 



Ci^u±(xj) - u^i-Xj) + E °ijk ( 2 x2 i Xk ~ 3 X fej ~ «nU.=o j = °- ( 7 - 15 ) 

k^i,j 

Next, the limits lim Xk ^ TXt ((x l ±x k ) 2 x 17. 12(1 ). lim Xk ^ TXt ((xi±x k ) 2 x (17.13(0 . 
lim Xi ^ (>? x itTT^I or (J2H31) and lim Xj ^ (x 2 x (f7TT^> ) give 



C«(Ctt-^*) = 0, (7-16) 

C+(C±-Cf fc )=0, (7.17) 

C±(Ci-C,-) = 0, (7.18) 

C 4 (C+-^) = (7.19) 
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for i =/= j =/= k i, because ufj(t) and Vi(t) can have poles of order two at t = 0. 

Because TL is not empty, at least one of G% (1 < i < j < n) or Q (1 < 
i < n) is not zero. If all the Gy are zero, then 7i is divided into nonempty 
orthogonal subsets. However, this contradicts the condition (12). Therefore, 
applying an appropriate coordinate transformation, we are able to realize the 
condition C± 2 ^ 0. Then, (f77TB|) and (|7~T%|> imply C± = C± for i > 3 and 
C\ =G<x. 

If n = 2 and Ci = C2 = 0, then 7i = {ei + e 2 , ei — e 2 }, but this contradicts 
the condition (12). Therefore, C\ — C 2 ^ 0. Then, from Ij7.19jl . we obtain 
= C12 7^ 0. Therefore, H coincides with the positive system of the root 
system of type B 2 . 

Now, assume n > 3. Then, using the same argument as in the A„_i-case, 
we can show that C^, and Ci are all independent of i and j. We write 
C ± : = C% and C := If C+ 7^ C", then C = and C+ = 0, as found 
from (|7.17|1 and (|7.19(l . This implies that the hyperplane arrangement TL is an 
An— i-type positive system, which contradicts our assumption W — W(B n ) or 
W{D n ). Therefore, C+ = C~ ^ 0. If C = 0, then TL is of type D ni and if C ^ 
it is of type _B„ . 

Combining the above results, we have proved the following proposition. 

Proposition 7.4 Under the assumptions made in this section, the hyperplane 
arrangement TL coincides with the positive root system of type B n or type D n . 
Moreover, the parameters C a in i|1.2|) are W -invariant. 

Lemma 7.5 For any l<i<j<k<n, we have 

Proof. We can assume n > 3. If TL is of type B n , then the fact that Ci ^ 0, 
the relation obtained by applying 9| to l|7.15|l . and Lemma \l . 21 together imply 
that djk = 0. If TL is of type D n (n > 4), then the fact that C^ k ^ 0, the 
relation obtained by applying df to (|7.14l) . and Lemma [7"2"1 together imply that 
Ciji ± Ciki — 0, and hence Cijk = for any k. □ 



Lemma 7.6 a 2 and Oj\ can be expressed as follows: 

"■11 = o^ijXiXj + Pij{i)xi + 0ij(j)xj + jij. (7-21) 

Here, a.ij, . . . ,5i can be any constants satisfying J^ILi $i = 0- 

Proof. First, we show that can be expressed as (|7.21|) . 
If TL is of type B 2 , this is clear from Lemma tl. 21 
If TL is of type , we may assume that is given by 

°11 = OlijXiXj + ifl j (x k )x l + tptJx^Xj + Pij(Xh), 
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with suitable polynomials ip\j, ip?j and ifij, by Lemma [7.21 Then, H7.15|l and 
Lemma 17.51 imply 

dka\\\ Xi =o = tor k^i,j, 

so that dkflj = dkfij = 0. Therefore, a xl can be expressed as in (|7.21|) . 
If 7Y is of type B n or Z?„ (n > 4), then we find 

^±4)1^=^=0 

from H7.14fl and Lemma l7.5l Then, using the same argument as in the B% case, 
we can show that a\\ is expressed as in <|7.21ll . 
Next, note that because 

djal = -did\\ = -a i0 Xj - 

a 2 can be expressed as in ()7.20[) . By subtracting appropriate constant multiple 
of L from P, we can realize the condition ^* = 0- D 

Now, let 

^)=^)-^ 2 -^|Ml*Tf and 

vi(t) = Vi (t) + Uj2 an I * 2 + E M) )* + **• 

Then, we have 

«2 = - ^{"jfe^j + x k) + uj k (xj - x k )} - Vj(xj), (7.22) 

a n = ( Xi + ^ ) + % ( x i - x j ) ■ ( 7 - 23 ) 

Hence, we can realize the relation a\ = a^i = by appropriately choosing u and 
v. 

Theorem 7.7 There exist even functions u(t) and v(t) such that 

n 

R(x)= E {u(x l +x :j )+u(x l ~x J )}+^2v(x l ). (7.24) 

l<2<j<n z—1 

Proof. First, we prove the assertion for the B 2 case. From (I7.12|l and (|T. 1H|> . 

we have 

v 2 (t) =v 1 (t) = v 2 (-t), 

which implies that v\ = v 2 and that they are even functions. Then, from l|7.15|l . 
we obtain 

u+ 2 (t) = u X2 (-t) and w+W = u 21 (-t). 

Therefore, because u^if) — uf 2 (±t), we find that uf 2 (t) — u X2 (t), and they are 
even functions. 
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Now, consider the B n and D n cases for n > 3. In this case, from (|7.14|l . we 
have 

ufjixi +xj)- u^(xi -xj)± uf k (xi TXj)T u~ k (xi ±Xj) = 0, 
which imply 

u tj( s ) ~ u 7k( s ) = «« (*) - 

««(*) ~ ^( s ) = -(««(*) - ««(*))• 

Hence, wj(t) — u 7k(^) * s a constant, and uf k (t) = u~ k (t). Therefore, there exist 
constants and a function u(£) such that 

u±(t)=uT j (t) = u(t)+ Pij . (7.25) 

Note that u(t) is an even function, because 

«(*) - «(-*) = - «*H) = <•(*) - u ij (*) = °" 

Here, we have used w^-(t) = u~^(±i). Moreover, because is fixed up to an 
arbitrary constant, we can realize the condition 

X>«=0. (7.26) 

Next, substituting l|7.25[l into (|7.12() . we obtain 2J2kjH j(P ik ~ Pjk) + v i( x i) ~ 
Vj(xi) = 0, or 

Uj(t) + 2^p 4fc = Uj(t) + 2y^p jk . 

k^i k^j 

This implies that the function Vi(t) + 2^2k=£iPik IS independent of i, and we 
write it as v(t). 

From (|7.26|) . wc have _ Z)t w ( x i) = _2 X)j X^iftfc = and 

Ei<j{*4( Xi + x i) + uij(xi - - xj) } = Y,i<j{ u { x i + x j) + - x j)}- Hence 

R(x) can be expressed as in (I7.24|) . 

Finally, because u(t) is an even function, (|7. 1 H|> implies that v(t) is also an 
even function. □ 



Remark 7.8 Applying (|7.25(l and the relation Vi(t) — v(t) — 2J2k^iP ik to 
(jT^ and we obtain 

a\ = - }^{u(xj + x k ) + u(xj - x k )} - ^ v ( x j)' 

3<h j=£i 

= —u(xi + xj) + u(xi ~ Xj). 

Therefore, the functional equation (|7.11|) is identical to that studied by Ochiai, 
Oshima and Sekiguchi in [3E3j- This equation has been completely solved, and 
the solutions are given in Theorem 1 of [8]. 
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